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1 Introduction

In this paper, we consider a two-dimensional delayed renewal risk model with a constant interest
rate and dependent claims, where an insurance company operates two lines of business. Each
line is assumed to be exposed to catastrophic risks like earthquakes, floods or terrorist attacks.
Such risks may affect the two lines of the company at the same time, so the two lines of busi-
ness share a common claim-number process and some dependence structure may exist between
them. In such a model, the claim sizes of the two classes {X; = (X1;, Xo;)T, i > 1} form a
sequence of independent, identically distributed (i.i.d.) and nonnegative random vectors with
a generic random vector X = (X1, X3)", whose components are however dependent and have
marginal distribution functions (d.f’s) F7 and Fb, respectively; and the claim inter-arrival times
{0;, i > 1}, independent of {X;, i > 1}, are another sequence of independent, nonnegative and
nondegenerate random variables (r.v’s). If {6;, i > 2} are identically distributed with common
d.f. G, and 0 has an arbitrary d.f. G, which need not be equal to G (one may have (partial)
information on the process before time 0), then the successive claim arrival times, denoted by
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{mn =>"1 0i, n> 1}, constitute a delayed renewal counting process

t)=> Ty, 20, (1.1)
n=1

with a finite mean function A(t) = EN(t) = > ;2 P(r; < t), where 14 denotes the indicator
function of an event A. If G; = G, then the model is reduced to a two-dimensional (zero-
delayed) renewal risk model. The vector of the total premium accumulated up to time ¢t > 0,
denoted by C(t) = (C1(t), C2(t))T with C(0) = (0,0)T and C;(t) < oo, i = 1,2, almost surely
for every ¢t > 0, is a nonnegative and nondecreasing two-dimensional stochastic process. Assume
that {X;, ¢« > 1}, {6;, i« > 1} and {C(¢), t > 0} are mutually independent. Let 6 > 0 be
the constant interest rate, that is to say, at time ¢ one dollar accumulates to e dollars; and
x = (z1,72)T denotes the initial surplus vector. In this two-dimensional setting, the discounted
surplus process up to time ¢ > 0, denoted by D(t) = (D1 (t), D2(t))T has the form

N(t)

t
D(t) :x+/ —95C(ds) sze*‘”ﬁ (1.2)

In the one-dimensional setting, the finite-time and infinite-time ruin probabilities are defined,
respectively, as, for some finite T > 0,

P(x1; T) =P(D1(t) < 0 for some t € [0,T]|D1(0) = z1)

and
P(x1;00) =P(D1(t) < 0 for some ¢ € [0,00)|D1(0) = x1).
However, in the two-dimensional case, there are several definitions of ruin; for example, see Cai

and Li (2005, 2007).
In this paper, we investigate the ruin probabilities by means of the ruin time

Tinax = inf{t > 0 : max{D1(t), D2(t)} < 0},

by convention, inf ) = oo, which was also investigated by Li et al. (2007). Then, the finite-time
ruin probability within a finite time ¢ > 0 and the infinite-time ruin probability can be defined,
respectively, as
Y(x;t) = P(Thax < t|D(0) = x) (1.3)
and
P(x;00) = P(Thax < 00|D(0) = x). (1.4)

In the one-dimensional case, many works have been devoted to studying the asymptotic
behavior of finite-time and infinite-time ruin probabilities. In the one-dimensional renewal risk
model with § > 0 and constant premium rate, Kliippelberg and Stadtmiiller (1998) obtained
the following result: as x1 — oo,

P(xy;t / i( xle A(duw), (1.5)

with ¢t = oo for the special case when {N(t), ¢ > 0} is a homogeneous Poisson process and F}
is regularly varying (see the definition below), where Fj(x) = P(X; > z). In this special case,
Tang (2005) obtained the uniformity on the set (0, 00| of (1.5), that is,

P(21;t)
fo Fi(z1e9)\(du)

lim sup -1 =0.

217790 42(0,00]
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Tang (2007) and Chen and Ng (2007) both considered a renewal risk model with extended reg-
ularly varying claims. The former obtained the asymptotic relation (1.5) which holds uniformly
for all t € A = {t : A\(t) > 0}; while the latter only dealt with the case of t = oo, but some
dependence structure among claims was considered. Recently, Wang (2008) investigated the
asymptotics for finite-time ruin probability in a delayed renewal risk model, when the claim
size distribution is subexponential. Wang et al. (2013) studied a dependent renewal risk model
with 6 > 0 and long tailed and dominated varying tailed claims, and showed that (1.5) holds
uniformly for all t € AN [0,7] and any fixed T' € A. Note that the last two results also hold for
a stochastic premium process C(t).

In the past decade, the investigation of multi-dimensional risk models has attracted a vast
amount of attention due to their practical importance. Ruin for multi-dimensional heavy-tailed
processes was initially studied by Hult et al. (2005), who mainly focused on multivariate regu-
larly varying random walks and provided sharp asymptotics for general ruin boundaries. Yuen et
al. (2006) considered a two-dimensional compound Poisson risk model with § = 0 and a constant
premium rate, and discussed various methods for evaluation of finite-time ruin probability. Li et
al. (2007) extended the model by adding Brownian perturbation, and derived the asymptotics
for finite-time ruin probability when F; and F, are both subexponential. Moreover, Chen et
al. (2011) established asymptotic formulas for two types of finite-time ruin probabilities for a
two-dimensional renewal risk model with heavy-tailed claims; and Chen et al. (2013) studied
two kinds of nonstandard two-dimensional models in which the claims among the same line of
business are dependent.

In this paper, we aim at studying another kind of two-dimensional risk model, where some
dependence may exist between the claims of the two lines. Precisely speaking, we assume
that {(X1;, Xo;)T, @ > 1} are i.i.d. random vectors with a generic random pair (X7, Xo)7T
whose components are dependent. A typical example in motor insurance is that a car accident
could cause claims for both the vehicle damage and the injuries of the driver and passengers.
This example shows some practical relevance of the two-dimensional risk model of study in
insurance. The motivation of this study also comes from a recent work by Yang and Li (2014),
who modelled the dependence structure of (X1, X)T by a bivariate Farlie-Gumbel-Morgenstern
(FGM) distribution given as

H(l‘l,I‘Q) = Fl(l‘l)FQ(l‘g)(l + T?l(xl)?g(ﬁﬂg)), r e [*1, 1] (16)

In addition, it is worth to note that most of the existing results for two-dimensional risk models
are related to finite-time ruin probability. Perhaps, due to its complexity, only a few carry out
investigation of infinite-time ruin probability.

In the present paper, we shall use a more general bivariate Sarmanov dependence structure
to model (X1, X3)", and investigate the asymptotic behavior of both finite-time and infinite-
time ruin probabilities under the conditions that the claim size distributions are subexponential
and extended varying tailed, respectively. Additionally, a delayed renewal claim-number process
and general premium processes are also considered. The asymptotic formulas derived here
successfully capture the impact of the underlying dependence structure of (X1, X5)™.

The rest of this paper consists of three sections. Section 2 prepares preliminaries of heavy-
tailed distributions and the Sarmanov dependence structure, and presents the two main results.
Sections 3 and 4 first state a few lemmas, and then give the proofs of the two results.

2 Preliminaries and main results

Throughout this paper, all limit relationships hold for x = (z1,22)" tending to (0o, c0)T unless
stated otherwise. For two positive bivariate functions f(z1,z2) and g(x1,x2), we write f < g or
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g 2 fiflimsup f/g < 1; write f ~ g if both f < g and f 2 g; write f(z1,22) = o(g(x1,x2))
if lim f(z1,22)/9(21, 22) = 0; and write f(21,z2) = O(g(21, x2)) if limsup f(z1,22)/g(21, 22) <
oo. To avoid triviality, a nonnegative r.v. is always assumed to be nondegenerate at 0. Hereafter,
K represents a positive constant whose value may vary from line to line.

We shall restrict claim size distributions to be heavy-tailed. A d.f. V on [0, c0) is said to be
subexponential, denoted by V € .7, if V(z) > 0 for all z > 0 and

1/ 2%
lim ‘i (z)

I

where V?* denotes the two-fold convolution of V. It is well known that every subexponential
d.f. V is long tailed, denoted by V € .Z, in the sense that the relation V(z+y) ~ V(x), x — oo,
holds for any y € R. One of the most important subclass of . is the class of d.f’s with extended
regularly varying tails. By definition, a d.f. V on R is said to be extended regularly varying

tailed, if there are some constants 0 < a < 8 < oo, such that for all 0 < y < 1,

y~ ¢ < liminf ‘i(xy < limsup = <y P,
denoted by V' € ERV(—a, —f). In particular, if & = /3, then the class ERV(—a, — ) reduces to
the famous class Z_, of d.f’s with regularly varying tails. Another useful class consists of all
d.f’s with dominated variation. A d.f. V on R is said to be dominatedly varying tailed, denoted
by V € 2,if V(zy) = O(V(x)), * — oo, for any 0 < y < 1. From Proposition 2.2.1 of Bingham
et al. (1987) or Section 3.3 of Tang and Tsitsiashvili (2003a), the following proposition is valid.

Proposition 2.1. Let a d.f. V € ERV(—a, —f) for some 0 < a < 8 < 0.
(1) For any 0 < o < a < B < ' < o0, there are two positive constants cy and dy, such

that the inequalities
o -8
SO T <oy

<l

<l

hold for all x > y > dy .
(2) For any ' > B, it holds that t=°" = o(V(x)) as x — occ.

We next introduce a bivariate Sarmanov distribution to model the dependence structure of
(X1, X2)T. Recall that a bivariate Sarmanov distribution is of the form

]P(Xl € dl‘l,Xz S dl’g) = (1 + T‘gf)l(l’l)qbg(l'g))Fl(dl’l)Fz(dl'Q), 1 >0, 29 >0, (2.1)
where the kernels ¢ and ¢o are two functions and the parameter r is a real constant satisfying
E¢1(X1) = E¢2(X2) =0, (22)

and
1+ 7r¢1(z1)p2(z2) >0 for all 2y € Dyx,, x2 € Dx,,

where Dx, = {z1 > 0: P(X; € (x1 — A,z1 + A)) > 0 forall A > 0} and Dx, = {z2 > 0:
P(Xs € (x2 — A,xz2 + A)) > 0 for all A > 0}. Clearly, if r = 0 or ¢1(z1) =0, 21 € Dx,, or
¢2(x2) =0, X9 € Dx,, then X; and X5 are independent. In the independent case, without loss
of generality, assume that » = 0 and ¢;(x;) =0, x; € Dx,, ¢ = 1,2. Otherwise, we say that
a random vector (X1, X2)T follows a proper bivariate Sarmanov distribution. For some more
details on multivariate Sarmanov distributions, one can be referred to Lee (1996) and Kotz et



al. (2000) among others. As in Yang and Wang (2013), three common choices for the kernels
¢1 and ¢o are listed below:

(al) ¢1(z1) =1 —2F (1) and ¢a(z2) = 1 — 2F5(x2) for all z; € Dx, and x9 € Dx,, leading
to the FGM distribution given by (1.6).

(a2) ¢1(z1) = e @ — Ee ™ and ¢o(x9) = %2 — Ee 2 for all 1 € Dy, and x5 € Dy,;

(a3) ¢1(x1) = o — EXV and ¢a(xg) = 2 — EXY for some p > 0 and all 2y € Dx, and
xo € DXQ.

The following proposition shows that the kernels are bounded for any proper bivariate Sar-
manov distribution, which is due to Yang and Wang (2013).

Proposition 2.2. Assume that (X1, X2)" follows a proper bivariate Sarmanov distribution of
the form (2.1). Then there exist two positive constants by and by such that |¢1(x1)| < by for all
x1 € Dx, and |¢p2(x2)| < be for all xo € Dx,.

Before presenting our two main results, we need to introduce a zero-delayed renewal counting
process, corresponding to N(t) defined in (1.1). For any ¢ > 0, denote

NO(t) = Z ]I{Tn—ngt}a
n=2

with a finite mean function \o(t) = ENy(t).

Now we are ready to state the main results of this paper, which provide two asymptotic
formulas for finite-time and infinite-time ruin probabilities, respectively.

Theorem 2.1. Consider a two-dimensional delayed renewal risk model with a constant interest
rate § > 0 described in Section 1. Let (X1, X2)" follow a bivariate Sarmanov distribution of the
form (2.1) with marginal d.f’s F1 € % and Fy € .. Assume that the limits limy_,o0 ¢;(x) =
di, i =1,2, exist. Let T € A be a positive constant. If 1 +rdids > 0 and Ep™NoT) < oo for some
p > 1+ |r|kika, where ki = sup,sq |¢i(x)], i = 1,2, then

T T—u
P T) ~ /0 ) /O (B e Balaae ) 4 By ) Fae™) ) olcdo) )
T
+(1 + rdids) /0 i Fi(z1”) Fy(z2e)N(duw). (2.3)

Remark 2.1. In the independence case, i.e. r = 0, the condition EpNO(T) < 0o for some
p > 1 is automatically satisfied, since the moment generating function of No(T') is analytic in a
neighborhood of zero, see Stein (1946).

Consider a special case that the two claim size distributions are both regularly varying
tailed and the claim arrival process is a Poisson process, then a more transparent formula for
the finite-time ruin probability can be derived.

Corollary 2.1. Consider a two-dimensional Poisson risk model with a constant interest rate
§ > 0 described in Section 1. Let (X1,X2)T follow a bivariate Sarmanov distribution of the
form (2.1) with marginal d.f’s F1 € %#—n, and Fy € %—_q, for some oy > 0 and as > 0;
and let {N(t), t > 0} be a Poisson process with intensity A > 0. Assume that the limits
limg 00 @i(2) = d;, i = 1,2, exist. If 1 4+ rdide > 0, then for any T > 0,

A2(1— e 7Y (1 — e=2T)  \(1+rdyds)(1 — e~ (1Ha2)T)
+
1002 (a1 + a2)d

v(x;T) ~ ( ) Fi(z1) Fa(x2),



here, by convention, (1 —e=*9T)/(;0) =T, if a;6 = 0, i = 1,2; and (1 — e~ (@1F22)8T) /(o +
a2)0) =T, if (a1 + az)d = 0.

PROOF. Clearly, Ep™N(T) < oo for any p > 0, since {N(t), t > 0} is a Poisson process. Hence,
relation (2.3) holds. By F; € Z_,,, i = 1,2,

Fi(zy) ~y “F(x)

holds uniformly for all y € [y1,y2] and any 0 < y; < y2 < oo as & — oco. Then, by the dominated
convergence theorem, we have

T—u
/ / 7 (2167 Fy (22?0 4 Fy (21?0 Fy (29€° ))dvdu
F1 (z1) F2 (z2)

(1 —aléT —azéT)
a1a252 ’
and
Lo B Ba(mae™)du. 1 — e~ (ntent
1(71) Fa(x2) (a1 +a)d 7
which imply the desired result. O

Theorem 2.2. Consider a two-dimensional delayed renewal risk model with a constant interest
rate 6 > 0 described in Section 1. Let (X1, X2)T follow a bivariate Sarmanov distribution of
the form (2.1) with marginal d.f’s F1 € ERV(—ay,—f1) and Fy € ERV(—ag, —f2) for some
0<a; <f) <00 and 0 < ag < P2 < co. Assume that the limits lim,_,o ¢i(x) = d;, i = 1,2,
exist. If 1 + rdids > 0, then relation (2.3) holds for T = cc.

Corollary 2.2. Under the conditions of Theorem 2.2, if, further, F; € #_,,, a; >0, i =1,2,
and {N(t), t > 0} is a Poisson process with intensity A > 0, then

)\2 /\(1 + ledz)
o1apd? (a1 + a2)d

wlxioo) ~ ) Fila Fitea).

PROOF. By Proposition 2.1 (1), for any 0 < o} < o, i = 1,2, there are some positive
constants cr, and dp;, such that for all u > 0, v > 0 and z; > dF,, i = 1,2,

E($1€6u)f2(x266(u+v)) E(xleé(quv))f(xQeéu)
Fy(21) Fo(x2) Fi(z1) Fa(22)

which is integrable on [0, 00) X [0, 00). Thus, by the dominated convergence theorem, we have

—a du—ahd(utv) te

< ¢ ch, (6 a’ld(u+v)—a’2(5u>’

1

i / / (Fr (1™ Fo(arse® ) 4 (a1 iy (2™) o = —
9 _ Jo_ 1090

Fy(x1)Fy(

and
. fo, Fi(x )?(3326 “)du 1
lim — - = 7
F( 1) Fa(2) (o1 + a2)é

which lead to the desired result. O




3 Proof of Theorem 2.1

In the sequel, without loss of generality, all proofs of the following theorems and lemmas will
be given only in the case that (X1, X2)T follows a proper bivariate Sarmanov distribution, and
the proofs in the independence case are trivial. Motivated by Yang and Li (2014), we go along
a similar line to complete the proof of Theorem 2.1.

We start this section by a series of lemmas.

Lemma 3.1. Let fi(x1,22) < fa(x1,22) and g1(x1,x2) < go(x1,22) be four positive bivariate
functions on R?. If fi(z1,22) ~ gi(w1,22), i = 1,2, and ga(x1,22) = O(g2(z1,22) — g1(21,22)),
then fa(x1,x2) — fi(x1,22) ~ g2(21,22) — g1(21, 22) holds.

PROOF. For any € > 0, by fi(x1,z2) ~ gi(x1,22), i = 1,2, there exists some large xy such
that for all min{z,z9} > xo,

(1= e)gi(w1,22) < fir1,22) < (14 €)gi(w1,22),
i = 1,2, which yields

1-—

2eg2(71, 2) fa(@r,w2) = fi@n,w2) _ 14 2eg2(71, 2) (3.1)
92(r1,72) — g1(z1,22) ~ g2(w1,22) — g1 (w1, 22) = g2(w1,22) — g1 (w1, 72) '
Therefore, the desired equivalence follows from (3.1) and by noting ga(z1,x2) = O(g2(z1, 22) —

g1(z1,22)), and the arbitrariness of € > 0. O

The second lemma is a combination of Corollary 5.2 and Proposition 5.1 of Tang and Tsit-
siashvili (2003b), see also Hao and Tang (2008).

Lemma 3.2. Let {&;, 1 < i < n} ben independent r.v’s with d.f’s {V;, 1 <1i <n}. If there is
a d.f V €. such that Vi(x) ~ I;V(x), x — oo, holds for some l; >0, 1 <1i <mn, then for any

fized 0 < a < b < o0, it holds uniformly for all (ci,...,cy) € |a,b]” that as x — oo,
P(Y it >a) ~ > Vilw/e),
i=1 i=1
that is,

P( > iy cibi > fU)
lim sup — — 1| =0.
B0 (e en)elabn | Doim Vil@/ )

The following lemma is a bivariate Sarmanov version of Lemma 3.2.

Lemma 3.3. Let {X;, 1 < i < n} be n ii.d. nonnegative random vectors with a generic
random vector X following a bivariate Sarmanov distribution of the form (2.1) with marginal
df’s F1 € % and Fy € .. Assume that the limits limy_o0 ¢i(x) = d;, i = 1,2, exist. If
1+ rdidy > 0, then for any fized 0 < a < b < o0, it holds uniformly for all (c1,...,c,) € [a,b]"
that

n n n
— (T1\— /T
(SeionSonon) « T T AE)EE)
i=1 j=1 i=1 1<j#i<n g J
n

+(1+ rdyds) ;ﬂ(?)&(?)

n n

~ ZZ]P)(CZ'XM > $1,CjX2j > 332). (32)
i=1 j=1



PROOF. If we have proven the first equivalence in (3.2), then the second one can be easily
calculated according to the dependence assumption on {X;, i > 1} and limg, o0 ¢i(z) = d;, i =
1,2. Without loss of generality, we only prove the first relation of (3.2) for n = 2.

Let random vector (X7, X3)T be the independent version of (X1, X2)T. By Proposition 2.2,
there exist two constants by > 1 and by > 1 such that |¢;(z;)| < b; — 1 for all x; € Dx,, i =1,2.
Obviously, d; < b;, 1 = 1,2. Let Xf and )25 be two nonnegative independent r.v’s, which are
also independent of (X7, X3)T, with d.f’s Fy and By, respectively, defined by

Fy(dz;) = (1 - ‘bié?”i)) Fy(dx;), ; € Dx,, i =1,2. (3.3)

By (2.2) and the conditions of the lemma, clearly, for each i = 1,2, the d.f. F} is well defined,
and as r — 00,
— diN—
Fi(x) ~ (1= ) Fil), (3.4)
1

which implies F; € .. Let (X7, X3)T, i = 1,2, be the independent copies of (X7, X3)T; let
(X7, X3)Y, i = 1,2, be the independent copies of (X7, X3)T; and all of the above random
vectors and (X1, X2;)T, i = 1,2, are mutually independent. Then, we have

I = P(c1Xi1 + caXi2 > 21,1 X091 + c2Xo9 > 22)
0o oo
/ / P(CQXlQ > T — Clu,CQXQQ > X9 — Cl’U)(l + T‘qf)l (U)¢2(U))F1(dU)F2(dU)
_ Jo-—

= (14 7b1ba)P(c1 X7y + c2X12 > 21,1 X5, + ca X990 > x9)
—rblbgP(cl)?fl + o X190 > 1,1 X5 + 2 Xoo > x9)
—rb1baP(c1 XT; + c2X12 > 11, 015@1 + o X9 > 19)
+rbleIP’(cl)?i*1 + 0 X19 > 11, 015(;1 + o Xo9 > 19)
=: (14 7rbiba)l1 — rb1baly — rbibols + rb1baly. (3.5)

In a same manner, I; can be further decomposed into four parts as
I = (1 + T‘blbg)ln — Tblbgllz — Tb1b2113 + Tb1b2114, (36)
where, by Lemma 3.2 and (3.4), it holds that uniformly for all (c1,c2) € [a, b)?,

i1 = P(ClXH + 62X12 > X P(ClXQI + C2X22 > 1/‘2)

R TR R () .
)

112 = ]P(Clel + CQXIQ > T ]P)(ClX21 + CQX22 > ZEQ)
— d
~ (B(G) (- 5)FEE)(BE) R (3)): (38)
c1 b1 (&) 1 2
L3 = P(ClXikl + CgXiKQ > .fl)[P(ClXékl + CQXSQ > 1'2)

~ (B R EE) - (-5)RE)) )

and

Ly = PleiXi| + Xl > 1) P(e1 X3 + Xy > 2)
_ d _ d
~ (B 0= (BEE) (0 -R)E() 6o
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In the case 7 > 0, by (3.7)-(3.10), we have that uniformly for all (c1,cs) € [a, b]?,
(14 7bibo) 11 + rbibslyy ~ (1+ 2rb1b2)F1< )FQ(Cl)
(1 + 2rbyby — rbldg)ﬂ( )F2 ( 62)
(1 + 2rbyby — rbgdl)ﬂ( . )F2 ( = )
(1 + 2rbiby — rbydy — rbody + rdldg)F1< - >F2<02 )@
and
rbibo(Iig + Ig)  ~ 2rb1b2F1< )Fg(q) (2rb1by — rbldg)Fl(q )?(@)
+(2rbiby — erdl)Fl( )Fg(cl)
F(2rb1by — bids — rbgdl)F1< )FQ(CQ) (3.12)

Denote the right-hand sides of (3.11) and (3.12) by g2(x1,x2) and g1(z1,22) as in Lemma 3.1,
respectively. Note that go(x1,x2) > g1(21, 2),

g2(21,22) — g1(x1,22) = F1<01>F2<cl) F( 1) ( > (cQ)?(q)

+(1 + rdidsy) Fl( ) )

(o
min{l,l—krdldg}i:i: ( ) () (3.13)

v

Cj

and

921, 22) < (1 +5[r|bi1b2) 22:22: ( ) ( ) (3.14)

which imply ga(z1,x2) = O(g2(z1,22) — g1(x1, 22)). Thus, from Lemma 3.1 and (3.6), we obtain
that uniformly for all (c1,c2) € [a, b]?,

no~ B)RG) RGP R E)EE)

1 +rd1d2)F1< )F2<02) (3.15)

Cj

In the case r < 0, by (3.7)—(3.10), we reconsider I; as
Ly —rbiba(lio + I13) ~ (1+ 2\7'!5152)171( >F2<cl>
+(1 -+ 2’7"[)1[)2 — ’T"bldg F1< ) ( )
+(1 + 2|7"|b1()2 — |’I“|b2d1 Fl( ) ( )

(1 4 2|r|biba — |Flbrds — |r|badi)Fr (CQ)FQ(CZ), (3.16)



and
—rbiby(Ly + Ty)  ~ 2]r|b1b2F1< )FQ( 1) (2]r[bibs — |r\b1d2)F1< . )FQ(CQ)
H(2|r|brbs — ]r\bgdl)ﬂ( )Fg(q)
H(2|r|brbs — |r|bids — |F|bady + |r\d1d2)F1( )FQ( ) (3.17)
C2
uniformly for all (¢1,c2) € [a, b]z. Rewrite the right-hand sides of (3.16) and (3.17) as g2(x1,x2)
and g1(x1,z2) as above, respectively. It can be easily seen that relations (3.13) and (3.14) still

hold. Then, Lemma 3.1 leads to (3.15).
By the same argument, we can derive that uniformly for all (c1,cz) € [a, b]?,

B (AR (- )RR ()

+F1<62 )FQ(Cl) (1+ rdldQ)Fl( )F2(62> (3.18)
o~ ()RR R (R
+(1 _ Z)ﬂ(i;)FQ(if) (1+ rdldg)ﬂ( = )F2<62) (3.19)
and
o (g RCE(E) + (- )R )R
Ho-ECB(E) + 0 raa R ()R(E), (3.20)
Substituting (3.15) and (3.18)—(3.20) into (3.5), and again using the similar approach to estimate
I, leads to the first relation of (3.2) for n = 2. This completes the proof of the lemma. O

The next lemma gives the Kesten’s bound for bivariate Sarmanov distributions with both
subexponential marginal d.f’s.

Lemma 3.4. Under the conditions of Lemma 3.3, for any € > 0, there exists a positive constant
K., such that

]P’(ZXM- > a1,y Xoj > ;@) < Ko(1 + |rlw1me) (1 + )" (21) Fa (a2) (3.21)
i=1 j=1
holds for all x1 > 0, w2 >0 and n > 1, where k; = sup,>q |¢i(x)|, i = 1,2.

PROOF. For all z1 > 0, zo > 0and n > 1,

n

P(Y Xu> a0 ) Xy > ) = [ T+ réronte))Fdu) Fafau)
=1 =1 (S0 u>er, S0 visag) =
< (14 [rlrake) " F{™ (21) F3*(x2),

which, by the standard Kesten’s inequality (see, e.g., Lemma 1.3.5 (¢) of Embrechts et al.
(1997)), implies that relation (3.21) holds for all z; > 0, 2 > 0 and n > 1. 0
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Lemma 3.5. Consider a two-dimensional risk model with a constant interest rate & > 0. Let
(X1, X2)T follow a bivariate Sarmanov distribution of the form (2.1) with marginal d.f’s Fy €
L and Fy € &; and let (Zl,Zg)T be a nonnegative random vector. Assume that {X;, i >
1}, {N(t), t > 0} and (Z1,Z2)T are mutually independent, and the limits lim, o ¢ ()
di, 1=1,2, exist. Let T € A be a positive constant. If 1 4+ rdido > 0, then for any fixed n > 1,

IP’(ZXUe*‘S” > x4+ 21, Zngef&j > X9 + o, N(T) = n)

i=1 j=1
n n

~ DY P(Xue T > @y, Xoje ¥ > g, N(T) = n). (3.22)
i=1 j=1

ProOOF. By using Lemma 3.3, we derive that

]P’(ZXlieﬂsn > x1 + Z1,ZX2j67§Tj > xo + ZQ,N(T) = n)
=1 j

7=1
00 00 n n

= // / / P(ZXlie_éti > T —‘er,Znge_&j > x9 +ZQ>
0— JO- i=1 j=1

{0<t1 < Z<tn <Ttn41>T}
X P(Zl €dz, Zs € dZQ)P(Tl e diq,..., Tn+1 € dtn+1)

n n o0 o
~dD / / / / P(Xnie % > @1 + 21, Xg5e 7% > a5 + 29)
0o— Jo—

== o< < <t <T 1 >TY
X P(Zl S le, oy € dZQ)IFD(Tl S dtl, sy, Tntl € dtn+1).(3.23)

By Fi € . C %, limy_o0 ¢r(x) = di, k= 1,2, and using the dominated convergence theorem,
we have that for each 1 < i < n,

P(Xu > x1 + ZledT,X% > o + Z2€6T)

lim

min{z1,z2}—00 E(.Il)fg(.fg)
o) 00 P( X1, T Xo oT
= / / lim ( Li > 1 —Ble ’721 > T2 z2¢ )P(Zl S le,ZQ S dZQ)
0— Jo— min{z1,22}—00 Fy(21) Fy(2)
=1+ rdids.

Thus, for each 1 < ¢ < n, any € > 0 and sufficiently large 1, z2,

P(Xli > x1 + Z1€6T,X2i > xo + ZQ@éT) > (1 — 6)(1 =+ ledg)ﬁ(wl)g(wg).
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Using the above inequality we can get that for each 1 < i < n,

o0 o
/. . / / / P(Xlie_&" >x1 + zl,Xzie_&" > x0 + Z2)
0— Jo—

{0<t1 <. <ty <Ttpy1>T}
x P Zl S le,ZQ S dZQ) (7‘1 S dtl, sy, Tntl € dtn_H)
> / / / / Xh > xleétl + zle X2Z > xge‘m + zge‘sT)
{0<t1 <. <ty <T,tns1>T}
x P Z1 S le,ZQ S dZQ) (7‘1 S dtl, cesTntl € dtn+1)
> (1 — 6)(1 + ledg) / / IP)(XM > xleat")IP’(Xgi > l’Qeéti)

{0§t1< Stn<T\tn+1 >T}

X P(Tl S dtl, ceyTnal € dtn+1)
> (1 — 6)2 / . / ]P)(XU > .'L'le(sti,XQi > $2€5ti)ﬂ)(7’1 S dtl, ey, Tntl € dtn+1)
{0§t1§~~~§tn§T7tn+1>T}
= (1 — €)*P(X1:e°" > 21, Xose " > 29, N(T) = n). (3.24)

In a similar but simpler way, we can obtain that for each 1 < ¢ # j < n, the above € > 0 and
sufficiently large x1, z2,

oo o0
/-- / / / P(Xlie_dti >x + Z1,X2je—5tj > x9 + ZQ)
0— Jo—

{0<t1 < <ty STt 11 >T}
X ]P)(Zl €dz, Zs € dZQ)P(Tl e dtq,... , Tnt+1l € dtn+1)
> (1— )P(X1e77 > x1, Xoje 7 > a9, N(T) = n). (3.25)

Plugging (3.24) and (3.25) into (3.23) yields that

n n
IP’(ZXUe_‘S” > a1+ 21,y Xoje ™ > ag + Zo, N(T) = n)
- et

n n
2 (1= > P(Xue ' > @y, Xoje " > a9, N(T) = n),
i=1 j=1
which means that the desired (3.22) holds by taking account of the arbitrariness of ¢ and the
nonnegativity of Z; and Zs. It ends the proof. O
Now we are ready for the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. For any fixed T' € A, the finite-time ruin probability in (1.3) can
be rewritten as

N(t) ¢
. _ 0T —ds
v(x;T) = P(tes[%;;] g (Xhe /0—6 Cl(ds)) > 1,
N(t) ¢
sup (nge_‘STJ' —/ 6_6802(d3)> > 1‘2). (3.26)
tel0,7] 5 0—

Hereafter, we denote by ¢(x;T") the right-hand side of relation (2.3). We firstly deal with

12



the upper bound of (2.3). Clearly, for any fixed positive integer ny,

N(T)

Y(xT) < ( Z X157 > a4, Z Xoje 7 > $2)

i—1 j=1

n=1 n=ng+1

As for Iy, note that {6;, i > 2} are i.i.d. nonnegative r.v’s with common d.f. G, and independent
of 0; with d.f. G1. Hence, for any ¢ > 0, all n > ng+ 1 and z; > 0, 22 > 0,

n n
]P)(ZXlie_éTi > xl,Zij I > xq, N(T) n)

<P<ZX16 5TI>$1,ZXQJ 61>1§2,Tn<TTn+1>T>
7j=1

/ (ZXIZ >.’L‘1€ ZXQ > I9€e ) (N()( —t):n—l)Gl(dt)
T
< K1+ |rlrire) (1 +€)" /0 ) Fi(21€%) Fa (20e®)P(No(T — t) = n — 1)G(dt)(3.28)

where we used Lemma 3.4 in the last step. By Ep™o(T) < o for some p > 1 + |r|k1kK2, for any
€ > 0, we can choose a sufficiently small € > 0 and a sufficiently large integer ng such that

No(T)
max E((l + |r|k1k2) (1 + e)) Ly No(T)>n0}»

E((No(T) + 1)(No(T) + 1+ [r[orba) ) Lo (ryzngy b < e (3.29)
Then, we obtain from (3.28) and (3.29) that

No(T—t)

T
L < K. / E((1 + |r|w1k2) (1 +€)) Ty N (1—t) 5o} F1 (1€ ) Fa(22€°") G (dt)
0—

T
< KE((1+ [rlrire) (1 + €)M 0 200 /0 Fi (216" Fy (22€") Gy (dt)

< Kep(x;T). (3.30)

Now we turn to I;. In Lemma 3.5, take Z1 = Zs = 0, then, for the above fixed integer ng and
any € > (0, we have that for sufficiently large x1 and 2,

ng n n
L < (1 + E) ZZZP(Xh‘e*én > LU17X2]‘67§TJ‘ > QZQ,N(T) = n)
n=1i=1 j=1

n 1—1

no
= (1+¢) Z ZZ+Z Z +ZZ Xue_‘;” >x1,X2je_5Tf > 29, N(T) =n)
n=1

=1 j=i =1 j=i+1 =2 j=1
= (1+¢e)(I11 + Lz + I13). (3.31)

13



By the conditions of the theorem, we have

oo n
i < )Y P(Xye ™ > ay, Xpie " > 35, N(T) =n)
n=1 i=1

— ZIP’(XUE_(S” > xq, Xzie_én > 29,7 <T)
i=1

T
= / P(Xli > l’le(su,XQi > $2€5u))\(du)
0—
T*
~ (1 +7‘d1d2)/ F1(21€°%) Fa (20€2) A (du). (3.32)
0—

As for Iy, since, for each 1 <i < j <n < ng, Xy; and Xy; are independent, and {N(t), t > 0}
is a delayed renewal process, we obtain

o oo
Iis < Z Z ]P)(Xue_én > xl,ije_é(Tj_Ti)_éTi > T2, Tj < T)

i=1 j—z’+1
T—u
= Z Z / / P(X1; > 21e7)P (X2; > 2P P(r; — 7 € dv)P(7; € du)
i=1 j=i+1
T—u
= / / Fi(z1)Fy (22e° ) N o (do) A (duw). (3.33)
o— Jo—

In the same manner, we can obtain

T—u
I < /O ) / R ) Fy(we™) Ao (dv)A(du) (3.34)

Substituting (3.30)—(3.34) into (3.27), and by the arbitrariness of ¢ > 0, leads to the upper
bound of relation (2.3).

Finally, we investigate the lower bound of (2.3). By (3.26) and Lemma 3.5, for the above
e > 0 and integer ng defined in (3.29), we derive that for sufficiently large z; and z2,

) n T
V(xT) = ZP<ZX11'€_6” > 1 +/ e 25y (ds),
n=1  i=1 0—

n T
ZXQje_(STj > x9 + / e % Cy(ds), N(T) = n)
= 0—
- (Z Z ) D) P(Xuie ™ > w1, Xoje " > w9, N(T) = n)
=1 n=n i=1 j=1
= (1—&)(Ji — o). (3.35)
Similarly to the proofs of (3.32)—(3.34), we can obtain

Ji ~o(x;T). (3.36)
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Similarly to (3.28) and (3.30), by Proposition 2.2 and (3.29), we obtain

Jo

IN

i zn: Z'f‘ Z P(Xlieféﬁ > xl,XQjeitsTl > SUQ,N(T) = n)

n=no+1i=1 \ j=i 1<j#i<n

oo n T
= > 2>+ > /0_ P(X1; > 21€%, Xoj > 22" )P(No(T — t) = n — 1)G1(dt)

n=no+1i=1 \ j=i 1<j#i<n

o Ti L
< ¥ ((1 + |r|bibo)n + n(n — 1)) / 1 (2162 Fy (22" )P(No (T — t) = n — 1)G1(dt)
n=ng+1 -
T
_ /0 ) ﬁl(me&)E(mze&)E((No(T O+ D) (No(T —t) + 1+ |r|b1b2)> TN (750} G (1)
T
< ¢ . Fi(z1°) Fy(20€%) G (dt)
< ep(x;T). (3.37)

Therefore, the desired lower bound of (2.3) follows from (3.35)—(3.37) and by the arbitrariness
of € > 0. This completes the proof of the theorem. O

4 Proof of Theorem 2.2

Before the proof of Theorem 2.2, we prepare a series of lemmas. The first lemma is analogue to
Lemma 3.5, but the claim arrival times 7;’s are not necessarily bounded on a finite interval.

Lemma 4.1. Consider a two-dimensional risk model with a constant interest rate 6 > 0. Let
(X1, X2)T follow a bivariate Sarmanov distribution of the form (2.1) with marginal d.f’s I €
ERV(—aj,—pB1) and Fy € ERV(—ag, —f2) for some 0 < a1 < 51 < 00 and 0 < ag < o < 0.
Assume that the limits lim,_,o0 ¢i(x) = d;, @ = 1,2, exist. If 1 + rdidy > 0, then for any fized
n>1,

n n n n
P(ZXIW_(S” > xq, Zije_‘STj > 332) ~ Z EP(XMe_‘ST" > :Ul,nge_‘sTf > 1), (4.1)
i=1 j=1 i=1 j=1

PRrROOF. We firstly estimate the upper bound of (4.1). For any small A > 0,

n n
IP( Z Xlief&-i > T, ZXQjeféTj > {L'Q)
i—1 =1

< ZZP(Xlz’e_&Ti > (1 — A)l’l,nge_éTj > (1 — A)xg)

i=1 j=1

n n
+ P( ZXMS_(STi >y, Z nge_‘STf > T2,

i=1 j=1
n n
NN ({Xh-e—ﬁﬂ < (1= Az} U{Xae ™ < (1 A)mg})>
i=1j=1

=11+ 5. (42)
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By the conditions of the lemma, we have that for each 1 <i <mn,
]P)(Xliefén > (1 — A)xl, Xgiefén > (1 — A)wg)
o0
= / P(Xh‘ > (1 — A)xleéu,Xgi > (1 — A)flfgeéu)]P’(Ti S du)

~ (1 + rdids) /0 io Fi((1 — Az F((1 — A)zge®™)P(7; € du)

L B z eéu
< (1+7“d1d2)i‘§8 s glee ;25(@65“?) -

< (1= Ay BHBIP(X 1670 > 1y, Xoie 0T > x), (4.3)

: / Fi(21€®) Fo(x2¢®)P(7; € du)
0_

and for each 1 <i # j < n,
[P)(Xlie—&'i > (1 — A)I‘l, nge_éTj > (1 — A)l’Q)
= / / Fi((1 = A)z1®)F((1 — A)x2e®)P(r; € du, 75 € dv)

Fi((1=A)ze’™ (1 -
< sup A Jore™) sup (1= A)zpe™ / / Fi(21€°) Fy(22¢®)P(7; € du,7; € dv)
w>0  Fi(zedv) v>0 P x2e5”

< (1= Ay BHBIP(X e 0T > 1y, Xoje 0 > @), (4.4)

Similarly to (4.3) and (4.4), we can also get that for each 1 <i<mand 1< j <nmn,
]P’(Xh‘ef&ri > (1—A):c1,X2] o7 > (1 A)xz) (1 A) (a1+a2)]P)(X1i676n > :Iil,ijeﬂsTj > .732).

Thus, we derive that

L
lim lim = 1. 4.5
A0 x—(00,00)T Z?:l E?:l ]P)(Xuefén >y, nge_‘;TJ' > 1'2) ( )

As for Iy, we have

n

n n
I, < Z (ZXM —omi > Jfl,ZXQJ —07; > X9, X1pe 07 > Xglefén >
k=11=1 =1 7=1

({Xuie™™ < (1= A)ar} U {Xaje ™™ < (1= A)as}))

n

n

IN
=

i=1 361
2

—67; — T - T2
Xq;e 0T > Az, Xqpe 07 > —, Xqg€ om > 7)
n n
=1  1<i#k<n

+
~

Z XQJ o7 > Axo, Xqpe~ 07 > lee_én > )
k=11=1  1<j#l<n "

x1 _ X1 _ T2
> —— Xqpe om > —, Xge o7 > *)
—1 n n

A
NE

E
VS

>
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We further divide I5; into three parts as

n n n
R DD DD DI D DD DI Dh
k=1 1<l#k<n 1<i<ni#k,i#l k=1 1<l#k<n i=l k=1 l=k 1<i#k<n
Ax
]P)(Xh 71 )(1]66_67—1 > Xgle_5T1 > Q)
n
=: I+ Iz + -7213' (4.7)

From F; € ERV(—C%, —ﬂz) C9,i=1,2,and P(Xll > x1, Xop > 332) ~ (1 +’I“d1d2)ﬁ1($1)ﬁ2($2),
it holds that

ot ot

Iy = nn—1)(n— 2)F1< Axll) /0_ F1<x16 )E(ms )P(Tl € dt)

n

(o]
= o(1) / Fi(x1€%) Fa(20e®)P (1 € dt)
= O(l)P(Xlle_éTl > 331,X216_67—1 > LEQ).

Similarly, we can also obtain Io1; = o(1)P(X11e7%™ > 21, Xo1e7%™ > 3), i = 2,3. Substituting
these estimates into (4.7), we derive that

Iy = O(l)ﬂb()(nef&-1 > $1,X2167§TI > $2). (48)
We can use the same approach to get
Iy = O(l)P(Xlle_éTl > xl,Xgle_éTl > :L“Q). (49)
Combining (4.6), (4.8) and (4.9) leads to
n n
L=0(1)Y "3 P(X1e™ > a1, Xoje ™ > ). (4.10)
i=1 j=1

Therefore, the upper bound of (4.1) is derived from (4.2), (4.5) and (4.10).
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We next deal with the lower bound of (4.1). Clearly, by Bonferroni’s inequality,

n n
P( ZXMB_(S” >y, Z nge_‘STj > xz)
i=1 j=1

n n
> P( U{X“e—&'i > :L'l}, U{nge_(STj > ZEQ})
i=1 Jj=1
n
> ZP(Xlie_éTi > T, U{X2j€_6Tj > 562})
=1 j=1
n—1 n n
— Z Z ]P’(Xlkef‘%’c > 21, Xye 0 > aq, U{ngef&j > xg})
k=11=k+1 j=1
n n
> Z Z]P)(Xlieién > r, XQjeféTj > wg)
i=1 j=1

n n—1 n
— ZZ Z IP’(Xlie_‘STi > 21, Xoge 0 > 29, Xoe 07 > x2)
i=1 k=1 l=k+1
n n—1 n
— ZZ Z IP’(XUg(f‘ST’C > 21, Xye 07 > xl,nge*‘STj > x9)
j=1 k=1l=k+1
n n

=: ZZP(XME_&” > .1’1,X2j€_67j > ZCQ) —Ji — Jo. (4.11)
i=1 j=1

We only estimate .J;, because Jo can be done in the same manner. By the conditions of the
lemma, we have

n n—1 n

Jl < ZZ Z ]P)(Xue_én > l‘l,Xle_(STk > :L'Q,XQ[ > 1’2)
=1 k=11=k+1
n n—1
— Z Z Z E(l’Q)P(Xlie_an > $1,X2k6_6Tk > ZL‘Q)
i=1 k=1 k+1<l#i<n
n—1 n
+ Z Z ]P)(Xue_én > l‘l,Xle_aTk > I'Q,Xgi > 1‘2)
k=11i=k+1
n n
~ 0(1) ZZP(XMG_(STi > xl,nge_éTk > .’xg)
i=1 k=1
n—1 n
+(1 + ledg)E(xg) Z Z ]P’(Xlieian > x, ngef&rk > 1'2)
k=11i=k+1
n n
= o(1) ZZP(XME_&” > 21, Xoje 0T > 1). (4.12)
i=1 j=1

Therefore, the desired lower bound of (4.1) follows from (4.11) and (4.12).
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Lemma 4.2. Under the conditions of Theorem 2.2, it holds that

P (Zzgin—i—l Xh-e_é” > X1, Z?:l nge_(STj > 332)

lim limsup

" % (00,00) Fi(21) Fy(2)
F (Z?:l Xyie T > w1, 3772, Xoje 0T > 332)
= lim limsup S— —0, (413)
n—oo XH(OO,OO)T F1 ($1)F2(w2)

and

>t 2 P (X1ie ™ > w1, Xoje™0T > xo)
lim limsup J R
M09 4 4 (00,00)T Fi(x1) Fy(x2)
) . Z?:l Z;’in+1 P (Xliefan > xl,XQje*‘sTj > $2)
= lim limsup — —
N0 5 4 (00,00)T Fi (1) F(z2)

—0. (4.14)

PROOF. We only prove the second equality of (4.13), and relation (4.14) can be proved by
using a similar but simpler method. For any € > 0 and any integer n such that Z]Oin 11J 2 <1,
we derive that

n (°S)
P(ZXMB_(S” >y, Z nge_(sTj > IL‘Q)

i=1 j=n+1

n 0o
< P(ZXM > I‘l)P( U {XQje_éTj > %})
=1

j=n+1

o0
<K (l+e"Fi(a) Y P(ije*% > 5;)
. J
Jj=n+1

< KFi(a1) Y (14 P(Xpe™ > 2, (4.15)
) J
j=n+1

where we used the standard Kesten’s inequality in the second step, because of F; € ERV(—ay, —f1)
C .. Choose two constants af, and S} satisfying 0 < oy < ag < B2 < 85 < 0o. Then, by Propo-
sition 2.1 (1), there exist two positive constants c¢g, and df, such that Proposition 2.1 (1) holds for
allz >y > dp,. Forall j > 1 and x5 > 0, introduce three events Ay (j, 29) = {j~2e’% < dFQJ:;l},
Ag(j,x2) = {dpyay ' < 7269 < 1} and A3z(j,z2) = {j 2™ > 1}. We divide the sum in the
right-hand side of (4.15) into three parts as Iy + Iy + I3 with

o
L= > (L4 E(P(Xye™™ > 2n )1, ), k=1,2,3. (4.16)
j=nt+1 J
By applying Markov’s inequality and choosing € > 0 small enough such that (1+€) rnax{IE(e*‘SO/ﬁ?)7
E(e=9%2%2)} < 1, we have
X9 —B4 e Y —5pL0 —6BL0 j—1 -
I = (E> > JPRE(e”0%%) ((1 + e)E(e™ 2)) = o(F5(z2)), (4.17)
2 =1

where we used Proposition 2.1 (2) in the last step. By Proposition 2.1 (1), for all zo > dp,, we
obtain, respectively, that

— e ! ! ! ]_1
I <cpFa(m) Y jwzwe%@lr(<1+6>E<e*‘”292>) : (4.18)
j=n+1
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and

—_— > / / / ]_1
Iy < cp Fa(aa) Y jPEE(e) - (14 QE(e™42))" (4.19)
Jj=n+1
which imply that
I+ I
lim lim sup — s _ 0. (4.20)
n—00 ro—00 FQ(:L'Q)
Plugging (4.16), (4.17) and (4.20) into (4.15) leads to the desired result. O

Lemma 4.3. Under the conditions of Theorem 2.2, it holds that

P (ZZ n+1 X].Z o7y > X1, Z]Oin—‘,-l X2j€_57j > $2)

lim limsu —— =0, 4.21

n—00 x—>(oo,ooI;T Fi(z1)Fa(x2) (4.21)
lim  lim sup Dimnt1 Z?in-u Pgue_i” > xy, X2j€_67j > 3:2) o (4.22)
M09 x+(00,00)T F (xl)F2(332)

PROOF. We only give the proof of (4.21), and relation (4.22) can be derived in a similar way.
Similarly to the proof of Lemma 4.2, for any integer n such that Z;?;H_I i~2 < 1, we have

) 00
P( Z Xlie_(sn >, Z nge_‘STf > $2)

1=n-+1 j=n+1
o X o X
Y v 1 875 2
<o fre= ) ) fren - 2))
i=n+1 j=n+1
< Z Z P(Xll —07i > XQJ e 0 > )
i= 7’1+1] n+1 ‘7
_ —0T; —oT1;
- Z P(Xue ™ > 5 Xpie ™ > 22
i=n+1

(o) o0 o0 o0
Y Sy T P(Xlle_‘s” L S E =)

=4l j=itl  jentlimjtl
=11+ 1+ 1. (423)

As for I, by Proposition 2.2 and Cauchy-Schwarz’s inequality, we have

o oo oty ot
n < (1+\r!blbg)i:;+1/o_ Fl(”“; >F2(%>P(nedt)
0 1:166 2 00 3726& 2 %
< (Lt lrlbabe) S </0 (R (%)) P(Tiedt)-/o (7(Z5)) }P’(nedt)>
i=n—+1 -
1
2
< (14 |r|bibe) Z / xl.e ) (r; € dt) - Z / x2€ )2P(Tjedt)

1=n-+1 j=n-+1
(4.24)
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Denote three events by Ay (j, z2) = {j 727 < dpay '}, As(j,x2) = {dpxyt < j72e%7 < 1}
and Az(j,z2) = {j2e’™ > 1} as in the proof of Lemma 4.2. Then,

oo
l’ 6 . X
Z / F2 2 ) Piryedt) = Y E <IP’2 (nge—‘”a > ,—j‘rj)(hl + T, + ]IA3)>
Jj=n+1 j=n+1 J
= I11+ Lo+ L13. (4.25)

Similarly to (4.17)—(4.19), for any o and ) satisfying 0 < o < ay < By < S5 < o0, by
Markov’s inequality and Proposition 2.1 (1), (2), we have that for sufficiently large zo > dp,,

Iy < (;j)% S e - (Be %) — o(Falen))), (420

/ / j—1
I < &, (Fa(xs)) Z A5 (e 255291)'@(6*2%92))] , (4.27)
j=n+1
/ / j—1
Lz < ¢, (Fa(22)) Z jAO2E(em 2000 . (E(e%a%oz’))] ; (4.28)
j=n+1

which, combined with (4.25), yield that

— 2
D ent1 Jos <F2<x2jg§ )) P(r; € dt)
lim lim sup — =0. (4.29)
n—=00 75500 (F2<$2)>2

In the same manner, we can prove that

S5 Jy (Fi(257)) B e

lim limsu — =0. 4.30
n—oo zl~>oop (Fl(CL'l))Q ( )
Substituting (4.29) and (4.30) into (4.24), we conclude that
1
lim limsup ———~ =0. (4.31)

n=00 s (00,00)T F1(71)) Fa(2))

We mainly deal with I. For each j >1i>mn+1, since 7; —7; = Zi:iﬂ 0. is independent of 7,
and has the d.f. GU=9* then

IE165 _5zj 0 :L‘266t
L = Z Z / (X1 > 2o )P(Xage™ Bk > 2 R(r € )
i=n+1j=i+1 J
o0
< Z P(Xh —OTi > ) Z P(XQ e Lhmita O —2> . (4.32)
i=n+1 Jj=i+1 J
For each i > n + 1, write

= j x

> P(Xyye I Theinfh > 2

J=i+1 J

> j x J
=Y E (P(ngeézk—iﬂe’“ > —3‘ > ek)(]IBl +1p, + 1133))
j=i+1 A

=: Ip1 + Iop + I23, (4.33)
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where the events By (j, z2) = _{j‘2652i=i+1 O < dp2az2_1}, By (j,z2) = {dFsz_l < j—2e5zi:i+1 O <
1} and B3(j,z2) = {j—2€52i=i+10k > 1}. As done in (4.26), for the above 0 < o, < ag < ffa <
B4 < oo, by Markov’s inequality, C, inequality and Proposition 2.1 (2), we have that for suffi-
ciently large xo,

Iy < (ﬂ)* 2 i 28 . (E(e—agg%))jﬁ
F j=it1
< K(;;)ﬂ : <g ;265 (E(e—éﬁéeg))’“ 4 26 g (E(e—w%))’“)
= o(Fy(xq)) - i?%. (4.34)

By Proposition 2.1 (1) and C, inequality, we have that for all 9 > dp,,

oo
, k
Iy < cpPa(wa) ) (k+i) ( (e —5/3292))
k=1

- 2 630 k 24! = 560 k
< KFy(x9) Zk 52 —38 2)) +2% 3 (E(e* ;4 2)>
=1 k=1
< Ki?P2Fy( xg), (4.35)
and similarly, for o > dp,, -
Iz < Ki*2Fy(x3). (4.36)

Plugging (4.34)—(4.36) into (4.33), we obtain that for sufficiently large z2 > dp,,

0o
Z P(XZ e 6Zk i41 0k > ) < K22ﬂ2F2(l‘2)
j=itl 7

This, combined with (4.32), implies that for sufficiently large zo > dp,,
= T
T 1285 0T 1
I, < KFQ(I'Q) 'Z_Hz 2IP(X116 Ti > 7,72>
1=n

= KE(LUQ) Z iQ’BéE (P(Xh,e—&'i > %
i=n+1

Ti)(]IEl + ]IE2 + ]IE3))

where the events Fy (i, 21) = {i72e%" < dpa7'}, Ba(i,x1) = {dpa; <i72e9% <1}, E3(i,z1) =
{i72e%% > 1}, and cp,, dF,, 0 < oy < oy < By < B} < oo are some positive constants such that
Proposition 2.1 (1) holds. Analogously to the proofs of (4.26)—(4.28), we derive from Markov’s
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inequality and Proposition 2.1 (1), (2) that for sufficiently large x1 > dp,,

1

_B/ > / / / / i— —
i< () YRR - (B ) = ofFi(a),
Ry i=1

i—1

Y

By < onTilm) Y EAHE(e040) . (B(e%0))
1=n+1

oo .
e / / / / -1
Iég < CFlFl(wl) Z Z~2(a1+o¢2)E(e—6o¢191) . (E(e—éalgz))l ’
1=n+1
which, together with (4.37), lead to
1
N0 4 (00,00)T F1(71) Fa(22)
Along the same line, we can also prove that
1
lim limsup . S—— (4.39)
N0 4 4 (00,00)T F1(71) Fa(22)

Therefore, the desired relation (4.21) follows from (4.23), (4.31), (4.38) and (4.39). It ends the
proof of the lemma. O

Now we merge Lemmas 4.1-4.3 into a united one, which plays an important role in the proof
of Theorem 2.2.

Lemma 4.4. Under the conditions of Theorem 2.2, it holds that

o0 (o) o0 o0
P(ZXue"s” >y, Y Xoje 0 > m) ~ DO P(Xie T > @y, Xoje 0 > x9). (4.40)
i=1 =1

i=1 j=1

PRrOOF. We firstly consider the upper bound of (4.40). For any A > 0 and a positive integer
ng, which we shall specify later,

P(inie_éTi >, ngje_éTj > l‘Q)
i=1 Jj=1
P({ inieféTi > (1 — A)xl} U{ i Xh‘ei(sn > Aml},
i=1

i=ng+1
no oo
{ZXQjE_(STj > (1 — A){L‘Q} U{ Z nge_‘STj > AZL‘Q})
=1 j=no+1

no no
]P’(ZXUe_‘S” > (1- A,y Xoje ™ > (1- A)x2>

j=1

w(th (1= A, Y Xage S > Aay)

Jj=no+1

no
P( Z Xlie_(sn > Aa:l,Znge_‘STj > (1 — A)l‘z)

i=no+1 Jj=1
) 0
P( Z Xlie_éﬁ > A.’El, Z ije_‘STf > Al‘Q)
i=no+1 Jj=no+1
=: 11+IQ+I3—|-I4. (441)
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For any € > 0, by (4.13) in Lemma 4.2 and (4.21) in Lemma 4.3, there are a sufficiently large
integer ng and a large constant x(, such that for sufficiently large z; > xg, ¢ =1, 2,

L+ < e(ﬁ(u — Az Fa(Axs) + Fi(Az)Fa((1 — A)xs) + ﬁ(Axl)E(A@))
< e((l “A)YBIAR L AP (1 - A) P A—<ﬂ1+/32>)ﬁ(x1)72(x2). (4.42)

~

For arbitrarily fixed typ > 0 such that pg = P(m; < tp) > 0, by F; € ERV(—ay,—05;), i = 1,2, it
is easy to see that

}P’(Xle‘ST1 > xl,XQe(STl > x9) > pOP(X165t° > 1‘1,X266t0 > 19)
~  po(1 —rdids)Fy (1) Fy(xeo)
> po(1 — rdidz)e 0P E (21) By (22). (4.43)

This and (4.42) yield that
I+ I3+ Iy < KeP(X11%™ > a1, X012 > 19). (4.44)

As for I;, by Lemma 4.1 and F; € ERV(—ay, —f;), i = 1,2, we have

nog no
oo~ YOS P(Xye > (1— Az, Xoje 7 > (1— Aas)
i=1 j=1

~ (1 + ’l“dldg) ZO/OOO ?1((1 — A)xle‘su)g((l _ A)xge‘s“)}?(n c du)
=1 -

no 00 00

2 X [T TEO - M - A € dury < o
i=1 1<j#i<ng ” Y~ 7Y~
no no

S (1 — A)i(ﬁlﬁ%) Z Z]P’(Xliefén > xl,ngef‘STj > .132). (4.45)
i=1 j=1

Hence, we conclude from (4.41), (4.44) and (4.45) that

00 00
P( Z Xlie_én > r1, Z X2j€_6Tj > CCQ)
i—1 =1

5 ((1 — A)7(51+52) + KG) Z ZP(XlZ‘ei&Ti > :cl,ngef‘STj > 332). (4.46)

i=1 j=1

Now we turn to the lower bound of (4.40). For the above € > 0, by (4.14) in Lemma 4.2,
(4.22) in Lemma 4.3 and (4.43), there exist a sufficiently large integer n{, and a large constant
x(, such that for all x; > z(, i = 1,2,

L) o0 o0 L)
max Z Z P(Xlie_‘h > xl,nge_‘STj > 1), Z ZIP’(XMe_(ST" > xl,nge_‘STj > 1),
i=1 j=n{+1 i=nj+1 j=1

0o 00
Z Z P(Xue_én > CEl,XQje_ETj > I‘Q) < 61@()(11667—1 > 331,X2166T1 > $2). (447)
i=n{+1 j=n}+1
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Applying Lemma 4.1, we derive from (4.47) that

L) L)
> ]P’(ZXhe 0T > xl,Znge o7 > xg)
i=1 j=1
ny  ny
NZZP Xlle o7 >:E1,X2] 7 >l‘2)
=1 j=1

oo 00 "16 [e’s) [e’s) n6 [e’s) [e’s)
E E — E E — E E — E E P(Xlie_én > $1,X2j€_67—j > I'Q)
i=1 j=1 i=1 j=n{+1 i=n{+1j=1 i=n{+1j=n{+1

oo o0

> (1-36)Y > P(Xue ' > a1, Xoje T > 1) (4.48)
i=1 j=1

Therefore, the obtained upper and lower bounds (4.46) and (4.48) lead to the desired relation
(4.40), by taking account of the arbitrariness of € > 0 and A > 0. O

Lemma 4.5. Under the conditions of Theorem 2.2, it holds that
o0 oo
Z Z]P)(Xliefan > a:l,nge*‘;Tf > .CCQ)
i=1 j=1

- / i / ) (B (1) Fawae ) + Fi (w1207 F (™) ) o (dv) A(d)
(1 + rdida) / P (2167 Fy (26" A(du). (4.49)

PROOF. The proof can be given along a similar line of (3.32)-(3.34). O
Finally, we prove Theorem 2.2.

PROOF OF THEOREM 2.2. Denote the right-hand side of (4.49) by ¢(x;00). As in (3.26),
by Lemmas 4.4 and 4.5, the infinite-time ruin probability can be bounded from above by

P(x;00) < ]P’(iXue‘S” > rq, ngje*‘;Tj > :m) ~ (x;00).

i=1 j=1

On the other hand, again by Lemmas 4.4 and 4.5,

P(x;00) > (ZX“ T Sy +/ _5t01 dt) ZXQJ 0T > 14 +/ e_‘;th(dt)>
0—

j=1
= / / ZXM 0TS 1y 4w, ZXQJ 0T > a;g—i—v)H(du,dv)
j=1
~ / / o((x1 + u, z2 4+ v)T; 00) H(du, dv), (4.50)
0 0

25



where H(u,v) denotes the joint d.f. of ([;° e 'Cy(dt), [;~ e~%*Cy(dt))T. For any small A > 0
and any fixed u > 0, v > 0, by F; € ERV(—a«;, —f;), i = 1,2, we have that

o((1+ A)x;00)

o((x1 +u,x0 + v)T; ) >
> (14 A) Bt p(x; 00),

from which and (4.50), Fatou’s lemma gives that

, T.
lim inf W(x; 0) > / / hmmf Pl +u s +v) ’OO)H(du,dv)

x—(00,00)T QO(X; OO) x— (00,00) QO(X; OO)

> 1 4 A —(B1+B2)

Hence, the desired lower bound is derived by the arbitrariness of A > 0. This completes the
proof of Theorem 2.2. O
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